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This note contains an alternative proof of Feit’s classification [8, Theo- 
rem 21 of finite groups that have a faithful irreducible character of degree 
p - 2 for some prime p, in the case p divides the group order to the first 
power only. Feit [6, 8] reduced the proof of the general result to this case 
(more specifically, to the situation of the theorem stated below) by meats 
of 141. 
G denotes a finite group, p an odd prime, P a Syiow p-subgroup of 6. 
N and e are the normalizer, resp. centralizer, of P in 6. Z is the center of 
and z = j 2 j ~ 
THEOREM. Let G = G’, ( P ( = p > 5, ad P + 6. Sippose G/Z is 
simple, and that G has a faithful complex irreducible character x of degree p - 2. 
TIzen p - 1 = 2” for some positive integer a and G M Xl&3 - 1)~ 
The theorem was proved first in [6], under the assumption z = 1. Then 
Feit showed the case %I > I to be impossible as a con.sequence of [S, Theo- 
rem I], a fairly general result on the situation 1 AT: c j = 2. 
to rewrite the proof of [6], using the language (and some of the results) of [I]. 
No assumption on x is made until near the end, where a well-known fact of 
character theory disallows x > 1, [S] and its specifx methods are not invoked. 
PYOOJ. Let F be a p-adic number field with ring of integers R such that 
P and I?/ J(R) = K are splitting fields for all subgroups of G. Let 
R-free WG-module such that M OR F affords x and L = M/J 
~~decorn~o§ab~e [9]. P +I G implies L is faithful. Our hypotheses force 
to be not of type L,(p). Then [5] h s ows C’ = P x Z, and 1 N: e 1 = 2 [2J. 
Let k, = V,-,(X) [I], where h is a linear character: iV-+ K, and let 
xz = x(l) 7, 77 a faithful linear character: Z-+F. Now q(Z) C R, and if %j 
denotes 7 composed with the canonical homomorphism: I?-+ KY, then 
+j = A, . There is a one-one correspondence between the p-blocks of positive 
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defect and the distinct powers of 7: an irreducible character 5 of G is in block 
B, if and only if & = t(l) 7” [2], [6, Sect. 21. Also, a nonprojective inde- 
composable KG-module M with Green correspondent V&U) (written 
Me+ V,(p)) is in B, if and only if pz = AZ* [I, Section 41. Thus x, L 
are in B, and the principal p-block is B, . 
L is irreducible [l, Proposition 6.11 and the graph of Bl has the form 
L W 
.-.-. 
where W-H V,(ha) (e as defined in [5, 6, or 11) is an irreducible KG-module 
of dimension rp + 1, Y > 0 [l, Sect. 41. Since G = G’, r = 0 + W is the 
one-dimensional trivial KG-module + x = 1. 
Let x0 = x9 all x E K. Then Lo and WV are irreducible KG-modules with 
LNo = V,-,(P) and W”t, V,(X%). Since z 1 p - 2 [l, Proposition 5.11, z is 
odd and LD and W” are in B, , whose graph looks like 
L’5 WU 
.-.-. . 
c 5 
t, 5 are irreducible characters in B, with Z;(l) = rp + 1, f(1) = 
(Y + 1)p - 1 = cp - 1. 
Let y (resp. /3) be the Brauer character of sym (resp. skew), the symmetric 
(resp. skew) summand of L @ L. Thus, for all p’-elements g of G, 
P(g) + Yk) = x”(g)* 
By [6, p. 3971 or [l, (3.1)] 
B(g) + xk”> = Y(g)* 
Therefore, for all p’-elements g, 
P(s) = (x”(g) - xk2W (1) 
Let 7 be an automorphism of the field of 1 G jth roots of unity such that 
yT = y2, y some primitive ( G j2th root of unity. If g is a 2’-element 
xk”> = X7(8)- (2) 
Thus xT E B, and has unique modular constituent La. 
Let t = (9 - 1)/2. By [9] there is a KG-module X with socle L”, whose 
Brauer character is (t - 1) x7. Lo is the only constituent of X, occurring with 
multiplicity t - 1. By [I, Proposition 4.51, XH V,(P). 
By [l, Lemma 3.31, VI(P) j sym, and V,(A2~) 1 skew, . If ha = X2, then 
[l, Lemmas 2.3, 2.41 implies 1 is a nonprojective main value of both 
(Lo)* @ sym and (LO)* @ skew. It follows from [l, Theorem 4. I] that L” is a 
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submodule, and hence X2 is a main value, of both sym and skew. This contra- 
dicts [l, Lemma 3.31. Therefore A” = X2% and X 1 skew. Since dim X = 
(P - 21 (P - 3)/2 = d im skew, we have skew = X. Then (I) and (2) imply 
(x”(g) - xww = tt - 1) xw 
for al! (2, p)‘-elements g. Hence x2(g) = (p - 2) x7(g). y induction, for ah1 
positive integers n, 
x”“(g) = (p - zy- x’“(g). 
So for some n 
x2%> =(P - 2J2”-1 X(B)> all (2, p)‘-elements g E 6. 
Pf x(g) # 0, then x(g)““-’ = (p - 2)2”-1, whence j x(g)\ = p - 2 and there- 
fore g E Z. Hence 
x(&Y> = 03 all (2, p)‘-elements g E G - Z. (3) 
Let q f 2, p be a prime and Q be a Sylow q-subgroup of G. Suppose x = 3. 
Then (3) implies xo is a multiple of pa . Thus j Q i 1 x(I) = p - 2. Hence 
I 4: I j nJ(P - 2) f or some positive integer b. Then tbe theorem follows from 
[3] as in [O]. 
Suppose z > 1. Then Y > 0. WC+-+ VI(P) implies W0 j sym. Hence 
Y < (9 - 3)/Q. 04) 
We compute inner products, using (3) and the fact xQnZ = x(l) yonz to 
obtain 
x2(1) = (XT x)QnZ = \ o/g n z 1 (x, dQ * 
Therefore j Q/Q n 2 1 / (p - 2)2 and 
I G/Z I 1 ~‘P(P - 2j2, some positive integer b. 
Now f’(l), i(l) ( j GjZ / [7, (9. 13)]. So if Y is even, then rp + 1 j (p - 2j2. 
Since the GCD of rp + 1 and p - 2 divides %v + I, we have 
rp + 1 1 (2~ + 1)2. If rp + 1 = (2r + II2 then p = 4(r + I), a contra- 
diction. Hence 
Yp + 1 < (2P + 1)2/Z. 
t follows that 
p < 2r + 2 - 1/2r < 2r + 2, 
which contradicts (4). 
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If r is odd, then cp - 1 j ($J - 2)2. Therefore cp - 1 1 (2~ - 1)2. If 
cp - 1 = (2c - 1)2 then cp = 49 - 4c + 2. So c 12, hence c = 2. Then 
2p = 16 - 8 + 2 implies p = 5, a contradiction. Therefore cp - 1 < 
(2c - 1)2/2. Hence 
p < 2c - 2 + 3/2c < 2c - 1 = 2r + 1, 
a final contradiction of (4). 
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